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Abstract—This paper presents a non-binary LDPC decoder
based on stochastic arithmetic. Although the previous stochastic
works reduce the complexity of check node by transforming
the convolution of the SPA algorithm to the finite field
summation, the stochastic decoder still has a implementation
bottleneck due to large storage introduced by the variable node
process. Considering a balance between algorithm level and
implementation level, we propose a shortened TFM architecture
as well as its updating criterion. A compare-and-alter counter
architecture is also proposed to avoid sorting among counters
which decide the decoded codeword. With these features, the
proposed (136, 68) fully-parallel stochastic NB-LDPC decoder
over GF(32) implemented in UMC 90-nm can achieve 120 Mb/s
throughput while operating under 455 MHz with 740 k gate
counts which are only 10 % of the original TFM decoder.

Index—TFM, stochastic decoding, non-binary LDPC codes

I. INTRODUCTION

Low-density parity-check (LDPC) codes are first introduced
in 1960s [1] and rediscovered by MacKay [2]. An LDPC
code is specified by a very sparse parity check matrix H.
Based on message passing algorithm, the bit-error-rate (BER)
performance of LDPC codes can be close to the Shannon limit.
Non-binary LDPC (NB-LDPC) codes, discovered by Davey
and Mackay in 1998 [3], are an extension of binary LDPC over
Galois field GF(q). Compared to binary LDPC codes, non-
binary LDPC codes have better BER performance, particularly
in higher-order modulation. Furthermore, it shows that non-
binary LDPC codes can combat burst error and possibly
replace the RS codes [4] [5]. Besides, NB-LDPC codes are
confirmed that they outperform both quasi-cyclic LDPC codes
and convolution turbo codes [6].

Although NB-LDPC codes has the superior BER perfor-
mance, complicated operations of check nodes prevent re-
searchers from implementing a NB-LDPC decoder. In this
respect, Declercq [7] used the fast Fourier transform (FFT)
algorithm to decrease the complexity of the check nodes
and achieve the same performance of sum-product algorithm
(SPA). Voicila [8] proposed extended min-sum (EMS) algo-
rithm, which truncates the message vectors from field size
q to the smaller size nm. In [9], Savin introduced Min-Max
algorithm which is further simpler than EMS algorithm.

This work was supported by National Science Council, R.O.C., under
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Fig. 1. Block diagram of a TFM-based stochastic NB-LDPC decoder

Recently, edge memory (EM) [10], tracking forecast mem-
ory (TFM) [11], and relaxed half-stochastic (RHS) [12] al-
gorithm are adopted to apply stochastic computations for
NB-LDPC decoders. The message vectors in the decoders
are changed from probabilities to one symbol over GF(q)
by a stochastic stream generator. Therefore, the check node
computation is simplified from convolutions to finite field
additions. While stochastic algorithm can efficiently reduce
the complexity, there is a barrier for practical implementation.
Recently, an FPGA implementation based on adaptive multiset
stochastic algorithm (AMSA) [13] is introduced to solve run-
time and area cost, but the hardware complexity is still high
due to a large amount of memories. In this paper, a hardware
implementation of stochastic NB-LDPC decoder is presented.
Compared to the original TFM algorithm [11], our modified
version can not only save more computing operations but also
reduce memory requirements.

This paper is organized as follows. Section II reviews the
stochastic decoding for NB-LDPC codes and the TFM algo-
rithm. The proposed architecture is described in Section III.
Section IV represents the simulation results and comparison
with other state-of-the-art works. Finally, a conclusion is given
in Section V.

II. STOCHASTIC DECODING FOR NB-LDPC CODES

A stochastic NB-LDPC decoder has three major computa-
tional nodes: variable, permutation, and check nodes, as shown
in Fig. 1. Contrary to a message composed of q probability
mass functions (PMFs) in a SPA decoder, the message in the
stochastic decoder is only a symbol in GF(q). Therefore, the
stochastic NB-LDPC decoder has lower complexity compared
to the SPA decoder. The notation of messages are the same
with [7] except an over-line for stochastic symbol messages.
For example, Ū

(t)
xy means a message is transmitted from x
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node to y node in the direction of check nodes. Otherwise, a
message in the direction of variable nodes is noted as V̄

(t)
xy .

Here we introduce the decoder using tracking forecast mem-
ories (TFM) algorithm [11], which has good BER performance
but has large memory consumption. Our improved architecture
described in the next section is based on this algorithm. In the
following subsections, each functional block will be described
in detail.

A. Stochastic stream generator

The concept of stochastic decoding is message passing
of symbols rather than probabilities. Therefore, a symbol
generator is used for producing a stochastic stream over GF(q).
The stochastic stream is composed of symbols which are
generated at each decoding cycle (DC). The probability of
a specific symbol in the stream equals to the probability of
its channel value and is defined by the number of that symbol
divided by the total numbers of a stream. For instance, a stream
00αα11α20 is related the PMFs P[0]= 3

8 , P[1]= 2
8 , P[α]= 2

8 , and
P[α2]= 1

8 .

B. Variable node

A variable node of degree dv receives dv stochastic streams
from its neighboring permutation nodes as well as a channel
symbol stream. In contrast to the SPA, the operations in the
stochastic decoder are finite field arithmetic. As a result, an
output of the variable node is updated if all inputs, except the
updated edge, are equal. This output is called a regenerative
symbol and the corresponding condition is named a regular
state. Otherwise, the case of different inputs is referred to a
hold state. At the same time, a random symbol is generated
as the output. The above updating rule can be expressed using
the following equation, which is proved in [10]:

Ū (t)
vp =

{
V̄

(t)
xv if all inputs are equal

ζ otherwise
(1)

where V̄
(t)
xv is one of the variable node inputs. ζ ∈ GF(q) is

sampled randomly.
To generate a random symbol correctly during the hold state

condition, a tracking forecast memories (TFM) was proposed
[11]. Each edge between the variable and the permutation
nodes has one TFM which consists of q registers. Each
register stores the PMF of a specific symbol in GF(q). While
a regenerative symbol x ∈ GF(q) is received, the value of
registers are updated based on the following equation:

PMFt[γ] =

{
(1− β)PMFt−1[γ] + β if γ = x
(1− β)PMFt−1[γ] otherwise (2)

where γ ∈ GF(q) and β < 1 is a relaxation factor which
is a form of 2−k decided via simulation to simplify the
implementation.

On the other hand, an output symbol is generated based on
the statistic of the TFM instead of a random symbol at the
hold state.

C. Permutation node

However, in contrast to SPA, the permutation nodes of the
stochastic decoding are implemented by GF(q) multiplications
[11]. The messages passed from variable nodes to check
nodes and the opposites are calculated by the following two
equations:

Ū (t)
pc = Ū (t)

vp h ; V̄ (t)
pv = V̄ (t)

cp h−1 (3)

where h is the element of H, and h−1 is the inverse of h over
GF(q).

D. Check node

In the SPA decoder, check nodes have higher complexity
because of the convolution operations. Since the messages are
transformed into symbols and the corresponding operations are
based on finite field arithmetic, a convolution operator can be
simplified to a summation. An output message of check node
is given as:

V̄ (t)
cp =

dc∑
i=1,i̸=p

Ū
(t)
ic (4)

E. Counter

A counter C[q] consists of q registers is inserted into each
variable node. The function of counter is to gather statistics
of symbols at the input of variable nodes. Assume an input
symbol is x ∈ GF(q), then the corresponding register C[x]
is increased by 1. Finally, a belief of the variable node is
obtained from the maximum value of registers argmax C[q]
at the maximum decoding cycle or early termination criterion
is reached.

III. PROPOSED DECODER ARCHITECTURE

In this section, we propose a hardware-oriented architecture
for a stochastic NB-LDPC decoder using TFM algorithm.
The proposed architecture reduces the hardware complexity
by shortening TFM and counter length such that an area-
efficient stochastic NB-LDPC decoder can be fulfilled easily.
The block diagram of the proposed decoder is shown in Fig. 2.
The details of each block will be discussed in the followings.
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Fig. 2. Block diagram of a proposed decoder
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A. Variable node

In the TFM algorithm, a variable node requires q registers to
keep all the PMFs of q symbols. Since the storage requirement
is proportional to the finite field size, the major design target
is to reduce the number of registers of TFMs. According to
simulation results, only n (n ≪ q) symbols with larger PMFs
have more impacts on an output symbol and other smaller
PMFs can be ignored. For the above reason, the registers
of each TFM are truncated to a limited number n in our
proposed variable node unit (VNU). Therefore the hardware
complexity of VNUs can reduce n/q times compared to the
TFM algorithm.

In the proposed VNU architecture, two operating conditions
are discussed as follows:

1) Regular state: The TFM will be updated supposed that
all inputs of a variable node are equal. Since The TFM is
truncated, the updating equation is modified as follows:

PMFt[γ] =

 (1− β)PMFt−1[γ] + β if x ∈ STFM & γ = x
(1− β)PMFt−1[γ] if x ∈ STFM & γ ̸= x
PMFt−1[γ] if x /∈ STFM

STFM =

{
STFM if x ∈ STFM

{STFM/y} ∪ x otherwise
(5)

The STFM is the index vectors of the TFM. If a regenerative
symbol x is in the STFM , then the TFM will be updated by
the original updating equation. Otherwise x will replace the
index of the symbol, y, which has the smallest value in the
TFM. Since only the index is replaced, all of values in the
TFM are not changed. The updating equation also keeps the
summation of all PMFs in the TFM, which only n symbols,
to one.

2) Hold-state: At this state, the output is generated from
the TFM according to the PMF values. We use the same
transformation method as in the TFM algorithm. First, the
cumulative distribution functions (CDFs) of the PMFs stored
in the TFM are calculated. Then, a uniform random number
is used to pick a symbol from the CDFs. Because of the
truncation, only n symbols can be selected while other q-n
symbols will be discarded. Besides, the reduction of registers
in the TFM also leads to less hardware cost for calculating
the CDF.

B. Permutation node

Since the outputs of a permutation node is equal to the in-
puts multiplied by the non-zero elements in H, the permutation
node can be fulfilled by a finite field multiplier. There are two
implementation methods: a look-up table and a combination
of XOR gates. Since the table size is proportional to the field
size, a look-up table is usually used in the small field size.
In the proposed design, we use XOR gates to implement the
multipliers.

C. Check node

The output symbols of check nodes are finite field sum-
mations of its input symbols. Since a symbol of GF(q) can
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Fig. 3. The effect of truncation for TFM and counter

be represented by the polynomial form, the summation in the
check nodes can be implemented using XOR gates.

D. Counter

To memorize the statistics of symbols, a counter composed
of q registers is assigned to each variable node. However, there
are only m (m ≪ q) registers for each counter in the proposed
decoder. Since an input message contains q possible symbols,
the updating rule of the counter is proposed as follows.

C[γ] =

{
C[γ] + 1 if γ = x and x ∈ SC

C[γ] otherwise

SC =

{
SC if x ∈ STFM

{STFM/y} ∪ x otherwise

(6)

where an incoming symbol is x ∈ GF (q), SC is the index
vectors of the counter, and symbol y has the smallest value in
counter .

If the symbol x is already inside SC , the corresponding
register C[x] is incremented by 1. Otherwise, symbol x
replaces the position of symbol y, and all the value in counter
remain the same.

Since the maximum value of register should be sorted as
the belief of a variable node, a compare-and-alter method is
proposed to reduce the overhead of sorting. The idea is to
permute the order of registers. While any one of registers is
changed, the value is compared to its left-hand side register
(compare). Therefore, if the value is larger, the order of
registers in the counter is exchanged. Otherwise, the order will
remain the same (alter). In this respect, the left-most register
will store the maximum value of the belief but the right-most
register keeps the minimum value. Instead of sorting all of
registers, the final decision is the value of the left-most register
in the proposed method.

IV. IMPLEMENTATION RESULTS

In this paper, a (136, 68) non-binary LDPC decoder over
GF(32) is implemented in UMC 90-nm process. First, the
effects of truncation are discussed. Fig. 3 shows the different
combinations of TFMs and counters. According to the results,
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TABLE I
SYNTHESIS RESULTS OF PROPOSED DECODER

This work TFM

Code (136,68) GF(32) (136,68) GF(32)
(2,4)-regular (2,4)-regular

Process 90 nm 90 nm
Clock rate 455 MHz 333 MHz

Throughput 1 120 Mbit/s 87 Mbit/s
Scheduling Fully-parallel Fully-parallel

Status Synthesis Synthesis
Total gate counts 740 k 7,405 k

Gate counts of variable node 481 k 6,439 k
Gate counts of counter 100 k 810 k

Gate counts of check node 4 k 4 k
1 At BER = 5 ×10−6

the number of registers in each TFM can be truncated to
3. Furthermore, the BER performance is saturated while the
number of registers in each counter is 2. Therefore, the
proposed decoder only keeps the information of 3 symbols
in each TFM and 2 symbols in each counter. (3, 2) in the
Fig. 3 means the number of symbol in the TFM and counter
are 3 and 2, respectively.

Fig. 4 shows the BER performance and compares to the
original TFM algorithms. The simulation environments of
proposed decoder are BPSK modulation, AWGN channel, 10-
bit input quantization, β = 1/32, and maximum decoding cycle
106. The maximum iteration in the FFT decoder is 50, while
the maximum decoding cycle of the TFM decoder [11] is
106. The precision of TFM for fixed point simulation is 10
bits. Based on the simulation result, the BER performance
gap is negligible between the proposed decoder and the TFM
decoder.

Table I shows the summary of the proposed decoder and
original TFM decoder [11]. A fully-parallel scheduling is
adopted with 136 variable node units and 68 check node units.
Since the operations of convolution are transformed into finite
field summation, the hardware cost of check nodes is reduced
significantly. Besides, the gate counts of variable nodes and
counters are only 7.7 % and 12.5 % compared to the original
TFM decoder by using the shortened TFM and the compare-
and-alter counter. Therefore, our decoder achieves 120 Mb/s
at 455 MHz and occupies 740 k gate counts, which are only
10 % of the TFM decoder. The FPGA synthesis result for

TABLE II
SUMMARY OF THE HARDWARE RESOURCES ON FPGA

This work 1 [13] 2

Adaptive Look-up Tables 125,252 66,885
Adaptive Logic Modules 0 0

Registers 20,852 23,150
Total block memory bits 0 453,120
Storage elements (bits) 3 20,852 476,270

Simple multipliers (12 × 12) 0 384
1 clock rate = 60 MHz
2 AMSA-128 GF(64); clock rate = 108 MHz
3 registers + total block memory bits

the proposed decoder is given in Table II. Compared to [13],
although the adaptive look-up tables are twice, the proposed
decoder without any memory only requires 5 % of storage
elements. In summary, the proposed decoder can realize better
area efficiency among the state-of-the-art stochastic NB-LDPC
decoders.

V. CONCLUSION

In this paper, an area-efficient stochastic NB-LDPC decoder
is presented. The bottleneck of TFM is cleverly solved by
truncating the symbols such that the storage requirements
are dramatically reduced. Moreover, a shortened counter as
well as its updating rule are proposed to further enhance the
area efficiency. After implementation in 90-nm process, the
proposed decoder supports maximum 120 Mb/s under 455
MHz clock frequency.
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